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(a) Show that

f(n) = *% /_7r flz+7/n)e” ™ dz
hence
fn) = ﬁ/ [f(x) — f(z +7/n)]e” dx.
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(b) Now assume that f satisfies a Holder condition of order a, namely

[f(z+h) = f(x)| < Cln*

for some 0 < o < 1, some C' > 0, and all z, h. Use part (a) to show that
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(¢) Prove that the above result cannot be improved by showing that the function

o
f(l’) _ Z 27ka€i2kz7
k=0
where 0 < a < 1, satisfies

|[f(z +h) = f(x)| < Clh|*,
and f(N) = 1/N® whenever N = 2%,
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2. Let f be a a-Hélder continuous function on the circle [0, 27]

(a) For every positive h, we defined g,(z) = f(xz + h) — f(x — h). Prove that
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(b) Let p be a positive integer. By choosing h = 7/2P™! show that
R 2K27T2a
2
Z [f(n)]" < W
2r—1<|n|<2pP

(c) Estimate 3 o, 1 <o |f(n)], and conclude that the Fourier series of f con-
verges absolutely, hence uniformly.
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1. (Wirtinger’s inequality) Let f be a T-periodic, continuous and piecewise C! function.

/OT F(t)dt = 0.

T ) T2 T , )
[ s < o [irora,

with equality holds if and only if f takes the form f(t) = Asin(2nt/T) +
Bcos(2nt/T).

(a) Suppose

Show that
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(b) Hence concludes that, in general,

T _ T2 T y
[ - fras 1 [ irop

where f = z fol f (t)dt. When does equality hold in this case?
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2. Let f, g be T-periodic, continuous and piecewise C! functions. Suppose

/OTﬂt)dt:
§42/|f |dt/ 1§(t) Pt

Show that

/O ' F(t)g(t)dt
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3. Let f be a C! function on [a, b] such that f(a) = f(b) = 0. Show that

b —a)? [P
/ If(t)thga)ﬁ%/ | /(1)) dt.

When does equality hold?
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